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Abstract 

The present note generalizes Debarre's Bertini-type results for in- 
verse images of Schubert varieties with the extension of formal func- 
tions. 

Introduction 

The aim of this short note is to develop Bertini-type results related to the 
extension of formal functions for inverse images of Schubert varieties of grass- 
mannians. We start with some notation and our fundamental definition. 

Given a closed subscheme y of a variety X over a closed field k. Let Xjy 
be the formal completion of Y along X. Let K{Z) be the ring of rational 
functions of a scheme (formal or not) Z (i.e. the global sections of the sheaf 
of rational functions). Then it is well known that there exists an injective 
homomorphism a : K{X) — )■ X(X/y). We now recall the following definition: 

Definition If a is an isomorphism, we say that Y is G3 in X. 

The first Bertini-type result regarding extension of formal functions is 
probably the following: 

Theorem 0.1. (Fallings, f^) Let f : X ^ F"" a proper morphism. If 
dim{f{X)) > d, then for any d — 1 hyperplanes Hi, Hd-i C P", f~^{Hi fl 
...r\Hd-i) is G3 in X. 
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The proof in Fallings' paper involves local rings and local cohomology. 
Recently, Bonacini, Del Padrone and Nesci found in |BDN] an inspiring global 
proof whose ideas have already been used for products of projective spaces 
in |B2] . Our aim is to find an analogous for grassmannians. In order to 
state our main results, we need a definition regarding special subvarieties of 
grassmannians. 

Definition Let G{k, n) be the grassmannian of A;-planes in P". Let a < b < n 
be two nonnegative integers. Let no,...,!!^ be subspaces of P*^ such that 
dimlli = di, with < do < ••• < dk < n. We introduce the following 
notation: 

Q(Uo, Bfc) = {A G G{k, n) \ dim(X n Ui) > i, Vi = 0, A;} 

Let also ^l{do, dk) be its class in the Chow ring of G{k, n). They are said 
to be a Schubert variety and a Schubert cycle (respectively). The dimension 
of VL{do, dk) is 



Now we can state the main results of this note: 

Main Result 1 Let X he an irreducible complete variety, and let j e 
{0, ...,77,}. Let / : X — G{k,n) be a morphism such that the intersection 
product [f{X)]Q{do — 1, di — 1, .., dj — l,n — k + j + 1, n) in the Chow ring 
of G{k, n) is nonzero for some < do < ... < fj < n — k + j . Then for any 
Hi G G{di,n), i = 0, we have that 



is G3 in X. 

The following result is analogous in the case of the grassmannians of lines. 
It improves the connectedness theorems of Debarre with some complementary 
conditions (that, in some cases, are strictly milder). 

Main Result 2 Let X be an irreducible complete variety. Let f : X ^ 
G{l,n) be a morphism such that the intersection product [f{X)]fl{a, a + 1) 




f-\Q{Uo,...,u„r 



)n-k+j+l 



...,n) 
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in the Chow ring o/G(l,n) is nonzero, given < a < b < n. Then for any 
A e G(a, n), n G G(6, n), we have Y := /"^(fi(A, fi)) G3 zn X. 

These two Main Results (in the case of grassmannians of hnes) can be 
merged in the following way: 

Theorem 0.2. Let X he an irreducible complete variety. Let / : X — )■ 
G(l,?7,) be a morphism such that one the intersection products 

. [/(X)]fi(a,a+1), or 

. [/(X)]l](a- 1,6-1) (or[f{X)]n{a-l,n), ifb = n) 

in the Chow ring o/G(l, n) are nonzero, given < a < b < n. Then for any 
A e G{a,n), II G G{b,n), we have Y := /-^(fi(A,n)) zs C3 m X. 

The paper is distributed as follows. First section containssome results 
thart are useful for the proofs in the paper. Second section contains the 
proofs of the main results of this note. 

Acknowledgements: This paper was written during a two-year stay 
the Universita degli Studi di Genova with a postdoctoral Fundacion Ramon 
Areces grant. I would like to thank Lucian Badescu for introducing me to 
the problem and Enrique Arrondo for some useful discussions. 

1 Preliminaries 

This section contains several known results that will be needed for the proof 
of the main result. Some related to G3 property and some related to con- 
nectedness. 

One of the main tools we can use to prove extension of formal functions 
is the following theorem: 

Theorem 1.1. (Hironaka-Matsumura, IHMf . see also e.g. IB1\ Corollary 
9.13]) Let f : X' X be a proper surjective morphism of irreducible varieties 
over an algebraically closed field k. Suppose Y is G3 in X. Then f~^{Y) is 
C3 m X'. 

The following is an useful consequence of Theorem 11.11 
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Theorem 1.2. (see e.g. \B1\ Proposition 9.23]) Let f : X' ^ X be a proper 
surjective morphism of irreducible varieties over an algebraically closed field 
k, and let Y C X and Y' C X' be closed subvarieties such that f{Y') C Y . 
Assume that the rings K{X/y) one? K{X'^j_i^y)) ^''"^ both fields. IfY' is G3 
in X' , then Y is G3 in X . 

In order to use the previous resuh, we first set a framework where the 
ring of formal rational functions is a field: 

Theorem 1.3. (see e.g. \B1\ Corollary 9.10]) Let X be an algebraic variety 
over an algebraically closed field k, and let Y be a closed subvariety X. Let 
u : X' ^ X be the (birational) normalization of X. Then K^Xjy) is afield 
if and only if u~^{Y) is connected. 

The following result, due to Debarre, is the startup and the inspiration 
for the two main Bertini-type results, Main Results 1 and 2. It is also used 
for the proof of the first one (the second having hypotheses milder than this 
one). 

Theorem 1.4. (Debarre, |2l Theoreme 8.1 (b)]) Let X be a projective va- 
riety, / : X — J- G(A;,n) a morphism. We consider < do < ... < dk < n 
(we also define dk+i = n + l) and fix Hi ~ P"*' C Ilj+i ~ P'^'+i C P", for all 
i = 0, k — 1. If all the intersection products: 

• [f {X)]Q{di — i — 1, di — 2, di — 1, di+i, dk), for all i such that di > i 
and di-^i ^ di + 1. 

• [/(X)]f2(0, i,i + 1, di^2, dk), for all i such that di = i and dt^i ^ 
z + 1. 

in the Chow ring ofG{l,n) are different from zero, then f~^{Q{IlQ,...,Ilk)) 
is connected. 

Again to make Theorems 11.11 and 11.21 useful, we need an starting point, 
which is given by the following result: 

Theorem 1.5. (Hironaca-Matsumura \HM] for P", Babakarian-Hironaka 
\BH] for general case) Any positive-dimensional variety in a grassmannian 
(not necessarily of lines) is G3. 
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2 Proofs of the results 



In this section we prove the two main results of this note, just after sketching 
the general method. 

Remark 2.1. We introduce in this remark the general method we use to prove 
Bertini-type results regarding extension of formal functions, as extracted 
from [BUN] and [B2] . 

We start with a closed subscheme Y of a scheme X. In order to prove 
that Y is G3 in X, we consider an incidence variety Z and the incidence 
diagram: 

Z C X X P 

X P 

with P a sufficiently good space (in our cases a projective space and a grass- 
mannian) . 

We sketch the steps we follow for the proofs of the main results: 

1. prove that Z is irreducible. 

2. prove that both p and q are proper and surjective. 

3. find a subscheme L G P satisfying: 

• L is G3 in P. 

• Y' := q-\L) C p-^{Y). 

4. when the previous steps are completed, we automatically get that Y' 
is G3 in Z by Theorem 11.11 to the projection q: Z ^ P. 

5. prove that both K{Xiy) and K{Z jyi) are fields. 

6. to finish, by Theorem 11.21 applied to the projection p : Z — )■ X, we get 
that Y is 03 in X. 

We finish the section with the proofs of the main results. 
Proof, (of Main Result 1) We will write the proof for the case j = k, the 
other being similar. 
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Using Theorem 11.1^ we can suppose X C G(/c, n) and / to be the inclu- 
sion. Let us define, as in Remark 12. the incidence variety: 



Z 



I^Yi, [irfo, 5„JJ rfc(sd^|,,...,Sd,^^_i|,) < 1, when di di+i -1 J 



X P = P(i7O(P",0pn(l))) 

Obviously, when di = cij+i — 1, the rank 1 condition means nothing (moreover, 
in that case, Ilj does not impose condition for A). In the case j < nwe would 
just omit the vanishing condition. 

First step is to prove that Z is irreducible. We first need to describe Z 
better. The fiber of p on a point A G X consists of all (n — c/q + l)-tuples 
of linear sections such that, when restricted to the line /, the last n — dk + 1 
sections vanish and any pack s^^, have rank at most one, all after 
restriciton to A. This makes p a bundle over X. To study the fiber, we put 
coordinates in such that the space Aq := V{xk+i, Xn) lies in 
X. The fiber of p in Aq consists on packs of n — rfo + 1 sections that are linear 
combinations of the variables Xq, Xn. The coefficients of x^ + 1, Xn are 
completely free, but the coefficients of Xq, ■■■,Xk'- 

• vanish for s^^, ...,s„. 

• form a rank 1 matrix for any pack s^^, Sd^_^_^^i. 

This means that the ideal of p~^(Ao) in the graded ring of P coincides with 
the ideal of 

(where C{Y) is the cone of a variety Y) in 

p(d2-<ii)(fc+l)-l ^ ^ p(<ife-rffc-i)(fc+l)-l ^ p(n-dfc+l)(fc+l)-l 

(which has the same ring of P, but is differently graded). Such ideal is 
irreducible. Then Z is a bundle with irreducible fibers and then irreducible. 

To complete second step we must show that both p and q are surjective. 
The first one defines a bundle on X, so it is obviously surjective. The fiber 
of g at a general point [t^Q, tn], U G i/°(0pn(l)), is clearly the set of points 
in X representing a /c-plane that is contained in V{tdi^+i, ...,tn) — P'^'-"^ and 
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intersects all V{tdi+i, — P'^' ^ in a P'. This fiber is not empty due to 

the condition: [f(x)]n{do - 1, 4 - 1) 7^ 0. 

Step 3 consists of defining the subscheme L in P with its two proper- 
ties. Let Wi,...,tn e //O(P",0pu(l)) satisfy = V{td,+i, ...,tn) for all 
i = 0, k. Then we consider the line L =< (0 : td^+i '■ ■■■ '■ tn), (^do+i '■ ■■■ '■ 
tn : 0) >. For any (s^q : ... : s„) G A^, we have that 1^(5^., s„) C Ilj, so 
q~^{N) C On the other side: 

: ... :tn:0) = {(Wi : - : : 0)} x y 

since ^(^^-+1, ...,t„,0) = 11^. Therefore p{q~^{N)) = Y. Since, by Theorem 
11.51 is G3 in a projective space, this proves the connectedness of Y. 

Now, we directly get fourth step, for Y' := q~^{N) is G3 in Z by Theorem 

o 

We continue proving that both K{Z/p-i(^Y)) and K{X/y) are fields. Let 
h : Z Z and g : X ^ X birational normalizaions of Z and X respectively. 
Then, by Theorem IL41 both and g~^{y^ are connected, since 

they are preimages of fi(no, ...,11^). Now, by Theorem 11.31 K{Z !j,-\iv^ and 
K{Xiy) are fields 

Last step is again automatic, since by Theorem 11.21 Y' being G3 in Z 
implies that Y is G3 in X. □ 

We prove now Main Result 2. 

Proof, (of Main Result 2) First of all, we can take a resolution of the sin- 
gularities of X and compose with /. Applying Theorem I l.lj we can suppose 
X to be smooth. We again follow the program in Remark 12.11 and define the 
incidence variety 

Z := {(x,r) I /(x) = Lcr} 
X P = G{a + l,n) 

To begin the program we show that Z is irreducible. The fiber of p on 
L is the set of all F that contain the line L = f{x) which is isomorphic to 
a G{a, n — 2). Therefore Z is a bundle over X with irreducible and smooth 
fiber. We so get that Z is both irreducible and smooth. 

We have seen moreover that p is surjective. On the other side, the inverse 
image of a given F by g is the preimage of the set of all lines L G f{X) 
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contained in F. Since [/(^)] intersects Q{a, a + 1), it is nonempty and hence 
q is also surjective. This finishes the second step. 

For the third step of the program, we consider the subspace C G{a + 
1, n) consisting of all F such that A C F C H. Clearly, ~ so A^ is 

G3 in G(a + 1, n) by Theorem 11.51 

To finish this step, we need to prove that q~^{N) C p~^{Y). For any 
subspace F G L we have that its fiber by q consists on all points x E X such 
that f{x) = L C F. We know that F C FI (by definition of A^). Moreover, 
since A is a hyperplane of F (also by definition of A^), we have that every line 
of F intersects A, so all x G p(g~^({F})) satisfy L = f{x) C IT and LflA 7^ 0, 
so p{q~^ {{T})) C y as we wanted. 

Fourth step is automatic, q~^{N) is G3 in Z by Theorem 1 1 . 1 1 and the fact 
that A^ is G3 in G(a + l,n). 

Next step is the proof of both K{Z/p-i(^Y)) and K{X/y) being fields. 
Since both X and Z are smooth (and then normal). Theorem 11.31 reduces 
this question to showing that both Y and p~^{Y) are connected. Moreover, 
p is a bundle, so proving that Y is connected is enough: For all x E Y, 
I = f{x) satisfies L fl A 7^ 0, so F :=< L, A > has dimension b — 1 and 
therefore L G p(g~^({F})). This proves that Y C p{q~^iN)). Since the other 
content was proved in the third step, we have Y = p{q^^{N) = Y'). Y' is 
G3 in Z as shown before, so it is conected. Therefore Y is the image of a 
connected subset by a continuous function, so it is also connected. 

Last step is automatic once more, since by Theorem II. 2[ Y' is G3 in Z 
provides the fact that Y is G3 'm X. □ 

Remark 2.2. The generalization of Main Result 2 to general grassmannians 
requires better knowledge on Flag manifolds than that of the author. So an 
unique statement for general grassmannians is out of reach now. 
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